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COVERING DELETED CHESSBOARDS WITH DOMINOES

DAVID SINGMASTER, Polytechnic of the South Bank, London, and
Istituto Matematico, Pisa, Italy

1. Introduction. In the January, 1973, issue, Richard Gibbs [1] has restated the
well-known fact that a 2m x 2m chessboard, with two diagonally opposite corners
deleted, cannot be covered by dominoes since the deleted squares are of the same
color. He then asked:

(a) Cana2m x 2m board be covered with dominoes if we remove any two squares
of opposite color?

(b) Cana 2m + 1) x (2m + 1) board be covered if we remove any square of the
major (or corner) color?

It is well known and easily seen that an m X n rectangle can be covered with
dominoes if and only if m or n is even. This led me to consider Gibbs’ problem (a) for
m x 2n boards and thence to consider his problem (b) for 2m + 1) x (2n + 1)
boards. Theorems 1 and 3 below answer these generalized problems affirmatively,
except for the case when m = 1 in (a), in which case a further necessary and sufficient
condition for covering is given as Theorem 2.

It is not difficult to see that (a) fails if we delete four squares, but I was rather
delighted to find that (b) is also true if we remove any three squares, two of the major
color and one of the minor, provided m # 0 and n # 0. This is proven as Theorem
4. The extension of (b) to five squares fails.

These results have further valid extensions to n dimensions. Theorem 5 asserts
that an n-dimensional board of dimensions m; x m, X --- x m,, where some m; is
even and none are one, with 2n — 2 cells deleted, n — 1 of each color, can be covered
with n-dimensional dominoes. Theorem 6 gives the analogous result when all m; are
odd and with 2n — 1 cells deleted, n of the major color and n — 1 of the minor color.
These results are the best possible, in that deletion of more cells can leave an uncover-
able board. Theorems 5 and 6 supersede Theorems 1, 3 and 4, but I have retained the
separate proofs of Theorems 1, 3 and 4 as they are much different from the general
proofs.

Since writing this note, two solutions of Gibbs’ problems have appeared as [2].
The first solution applies only to square boards. The second solution, by C. W. Trigg,
clearly generalizes to the rectangular cases treated in my Theorems 1 and 3. However,
my solutions are quite different from both of the published solutions and I introduce
concepts in the proofs which I use for later results, so I have retained my solutions.

2. The two dimensional case.

THEOREM 1. Form > 1,an m X 2n chessboard, with any two squares of opposite
color deleted, can be covered with dominoes.

Proof. We shall give diagrams for four cases. In each diagram the deleted squares
are both marked with a cross and the remainder of the board is divided into rectangles

39
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of which each have an even side. The even direction is indicated by < and its length
is given.

We orient the board with its even direction along the x-axis and we label the
squares (x,y) with 1 < x < 2nand 1 < y < m. We denote the colors as 0 and 1 and
we say the color of the square (x, y) is congruent to x + y (mod 2). Henceforth, all
congruences are taken (mod 2). Let the deleted squares be (a, b) and (c, d). We choose
a = ¢, and by reflecting if necessary, we can also choose b < d. Since (a, b) and (c,d)
have different colors, we have a + b £ ¢ + d. Hence eithera = ¢, b£ dora #c,

=d.

—
-~
-—
c-a
-] o b ] [}
-
—
c-a a-1 c-a-1 2n-¢
> >
2n 2n
Fig. 1 FiG. 2

Case 1. a=c,b#d. Thend — b + 1 and ¢ — a are even and Figure 1 gives
a covering. v

Case 2-A. a% ¢, b=d, a odd. Thena —1,c—a—1,2n—cand d — b
are even, so Figure 2 gives a covering.

Case 2-B-1. a%c,b=4d, a even, b#d. Then a #1, ¢ #2n and a — 2,
c—a+1,2n —c— 1and d — b are even, thus Figure 3 gives a covering.

Case 2-B-2. a%c¢,b=4d, aeven. Thena # 1,c # 2nanda — 2,c —a t 1
and 2n — ¢ — 1 are even, so Figure 4 gives a covering when b < m. If b = m, then
we reflect Figure 4 for a covering. ||

«—
—
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4
—> — I-u — «~—
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If m = 1, then we have b = d = 1. Case 2-A is still valid, but Case 2-B-2 fails
and one easily sees that no covering is then possible. We can thus assert the following:

THEOREM 2. Consider a strip of 2n squares, numbered 1,2, ---, 2n and alternately
colored. Suppose the ath and cth squares are deleted, where a < ¢ and a = ¢ (i.e.,
the squares are differently colored). Then the deleted strip can be covered with
dominoes if and only if a is odd.

THEOREM 3. For any odd integers r and s, an r X s chessboard, with any one
square of the major color (i.e., the corner color) deleted, can be covered with
dominoes.

Proof. Consider Figure 5. Letting the deleted square be (a, b), we have a + b = 0.
If a and b are both even, thensoarer — a + 1and s — a + 1. If a and b are both
odd, thena — 1, b — 1, r — a and s — b are all even. In either case, all four rec-

tangles in the figure have an even side. |
a r-a
0
i —
n +
o]
1
v
<
-2 —
1
a
a-1 r-a+l c-1
FiG, 5 FiG. 6

THEOREM 4. For any odd integers r and s, both greater than one, an r X s
chessboard, with any three squares deleted, two of the major color and one of the
minor color, can be covered with dominoes.

Proof. Let the deleted squares be (a, b), (¢c,d) and (e,f) witha + b=c+d =0
and e + f=£ 0. As in Theorem 1, we may assume a < ¢, b < d.

First we show that we may assume ¢ ='a + 1,d = b + 1. Suppose ¢ = a + 2.
Suppose further that e # a + 1. Then the division of the » x s board into the first a
(or a + 1) columns and the remaining » — a (or r — a — 1) gives two rectangles to
which Theorems 1 (or 2) and 3 can be applied to produce a covering. Suppose now
e=a+ 1. If f = b, then (¢,d) and (e,f) both lie in the upper right rectangle of
Figure 5. We can apply Theorem 1 (or 2 if f = b) to produce a covering of this
rectangle and the other rectangles all have an even side, so we have a covering of the
board. If f < b, consider Figure 6, which is Figure 5 drawn for (c, d). Both (a, b) and
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(e,f)are in the lower left rectangle, so the argument just used gives a covering. (Indeed
this second case is just a 180° rotation of the first.) Hence we need only consider
a £ c £ a+ 1. Symmetrically, we need only consider b £ d £ b + 1 and now
a+b=c+dgivesc=a+1,d=b>b+ 1.

Next we show that we may assume e < a,f > bore > a,f < b. Suppose ¢ < a.
If f < b, then both (a, b) and (e, f) are in the lower left rectangle of Figures 6 and 8.
Theorem 1 can be applied to at least one of these diagrams to produce a covering as
above. Now suppose e > a. If f > b, then both (c, d) and (e,f) are in the upper right
rectangle of Figures 5 and 7 and we have a covering by the argument just used.

b-1

Fig. 7 FIG. 8

Suppose now that e < a, f > b. We know a + b = 0. If a and b are even, then
the division of the board into the first a columns and the remaining r — a gives two
rectangles to which Theorems 1 and 3 can be applied and we have a covering.
If a and b are odd, then the division into the first b rows and the remaining s — b
gives two rectangles to which Theorems 3 and 1 apply. The case e > a, f < b can be
similarly treated and we have now shown that there is a covering in any situation. |

If r or s is one, then Theorem 4 fails. One can write down the necessary and
sufficient conditions for covering in this case but they are not very interesting. The
extension of Theorem 1 to deletion of four squares and the extension of Theorem 4 to
deletion of five squares both fail since one can isolate a single corner square in either
case.

3. The n-dimensional case. First let us introduce some terms. We say that an
n-dimensional board, with dimensions m, x m, x --- x m,, is: proper if all m; are
greater than one; even if some m; is even (i.e., it has even volume); odd if all m; are
odd. An n-domino +or n-dimensional domino is a 1 x 1 x .- x 1 x 2 block.
Generally we shall just call this a domino. It is easily seen that a board can be covered
with dominoes if and only if the board is even. We shall call the unit n-cubes of the
board, cells.


http://www.jstor.org/page/info/about/policies/terms.jsp

1975] COVERING DELETED CHESSBOARDS WITH DOMINOES 63

THEOREM 5. A proper even n-dimensional board, with any 2n — 2 cells deleted,
half of each color, can be covered with dominoes.

Proof. We label the cells as (x,, X,, -+, X,) With 1 < x; £ m;. The standard 0-1
coloring is given by color (x4, X,, -**, X,) = Zx;. We shall refer to the colored cells as
0O-cells and 1-cells. Note that we can reverse the coloring without changing the basic
situation. Assume that 2 | m,,.

The proof proceeds by induction on n. For each n, we describe two covering pro-
cesses which allow us to reduce the problem to the case when all m; are 2. In this case,
we can use the processes to cover the cube unless all deleted 1—cells have x; = x,
= ... = x, = 1 and this is either impossible or a trivial case. Now to the details.

For n = 1, the theorem is trivially true. Assume n > 1 and that the theorem holds
for n — 1. Consider the (n — 1)-dimensional layer or (hyper-)plane of cells deter-
mined by x, = 1. Let the number of deleted O—cells (1—cells) in this layer be ky(k,).
By reversing colors, if necessary, we may assume k, < k,.

Case 1. k, <n — 2. Letd =k, — ky. We want to find d undeleted O-cells with
x; = 1 such that the adjacent 1-cell with x; = 2 is also undeleted. Let A = m, - m -
«em,. We have 4 =2""'>2(n — 1) for n = 1. There are A/2 — k, undeleted
0O-cells with x; = 1 and there are at most n — 1 — k; deleted 1-cells with x, = 2.
Thus there are at most 4/2 — ko — n + 1 + k; = A/2 —n + 1 + d = d undeleted
0O-cells with x, = 1 having undeleted adjacent 1-cells with x, = 2.

Place d dominoes in d pairs of these cells. The layer with x; = 1 can now be con-
sidered as having k, 1-cells and k, 0-cells deleted, where k; < n — 2. By the inductive
hypothesis, we can cover this layer with dominoes. (Here we are using the natural
equivalence of the (n — 1)-dimensional problem for m, x m3 x --- x m, with the
n-dimensional problem for 1 x m, x m3 x --- x m,.) The remaining part of the
board can be considered as having n — 1 — ko O-cells and n — 1 — k, 1-cells
deleted, so we have reduced the problem to an (m; — 1) x m, --- x m, board. Here
and elsewhere, we are using the fact that the statement of the theorem includes, a
Sortiori, the deletion of fewer than 2n — 2 cells, provided we delete as many of each

color.

Case 2-A. ky = n — 1, kg <n — 1.Choose any k, 1-cells in the plane x, =1
and consider this plane as having these k, 1-cells and the k, O—cells deleted. Since
ko < n — 1, the inductive hypothesis gives a covering of this plane. Letd = k, — k,
=n — 1 — ko. There are d 1-cells which have been covered by this covering, but
which we wish to have deleted. Consider the domino covering one of these. It covers
an adjacent 0—cell. Turn the domino so its length is in the x; direction and covers this
adjacent O—cell and its 1-cell neighbor having x; = 2. This neighbor cannot be a
deleted 1-cell since all deleted 1-cells have x, = 1. We carry this out for all the d
1—cells which were covered and which we want to be deleted. The remaining portion
of the board, with x, = 2, can be considered as having n — 1 — k, O-cells and
n — 1 — k, 1-cells deleted, so we have again reduced the problem to an(m; — 1)
X my X -+ X m, board,
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Case 2-B. k; = n — 1,ko = n — 1. Then all the deleted cells are' in the first
layer and we may easily cover the layers with x; = my,x, = m; — 1,--,x; = 3,
thus reducing the problem toa 2 x m, x :-- x m, board.

By repeatedly applying these reductions, we eventually reduce the problem to the
2 x m, X -+ X m, board. We can then apply the reduction to each other dimension,
thus reducing the problem to the 2 x 2 x --- x 2 board (i.e., the n-cube).

On this n-cube, again consider the layer with x; = 1, let ky(k,) be the number of
deleted 0-cells (1—cells) in this layer and assume k, < k,. By reflecting the cube, if
necessary, we can assume k; # 0.

Case 3-A. ky S n —2, kg = 0. The plane with x; = 2 has j, = n — 1 deleted
O-cells and j; = n — 1 — k; deleted 1-cells. We can apply the argument of Case 2-A
to this by interchanging O—cells with 1-cells and x, = 1 with x, = 2 throughout the
argument. This gives a covering of the x; = 2 plane and leaves the x; = 1 plane with
k, O-cells and k; 1-cells deleted. By the inductive hypothesis, we can cover this layer
and we are done.

Case 3-B. k; = n — 2, ko > 0. The argument of Case 1 applies directly to give a
covering of the x; = 1 layer. The x; = 2 layer is left with n — 1 — k, O-cells and
n — 1 — kg 1-cells deleted. By the inductive hypothesis, this can also be covered and
we are done.

Thus we can cover our deleted n-cube unless k; = n — 1, i.e., all deleted 1-cells
have x; = 1. We can apply this-argument in each of the remaining dimensions, so we
have a covering unless all deleted 1-cells have x; = 1 = x, = --- = x,. But there is
only one such cell in the n-cube and we have n — 1 deleted 1-cells. For n > 2, this is
impossible. For n = 2, the 2 x 2 problem is simple. |

THEOREM 6. A proper odd n-dimensional board, with any 2n — 1 cells deleted,
n of the major color and n — 1 of the minor color, can be covered with dominoes.

Proof. Assume the colors are assigned so that the corners are colored 0, so that
we are deleting n O—cells and n — 1 1-cells. The pattern of proof is similar to that of
Theorem 5. We describe one covering process which allows us to reduce to the
3 x 3 x --- x 3 case and then to solve that case.

For n = 1 (and n = 2) the theorem is true. Assume n > 1 and that the theorem
is valid for n — 1. Consider the two layers given by x;, = 1 or x; = 2. Let the number
of deleted O—cells (1-cells) in these layers be ko(k,).

Case 1. kg < n — 1. At this point, the arguments for ky, < k, and for k, < k,
are symmetric, so we consider just k, < k,. Letd = k, — k,. By the argument used
in Case 1 of Theorem 5, we can find d undeleted O-cells with x; = 2 such that the
adjacent 1—cell with x, = 3 is also undeleted. Placing d dominoes in these d pairs of
cells, the first two layers can be considered as a 2 x m, x -+ x m, board with k,
1-cells and k, O-cells deleted. Since k; < n —1, we can cover these layers by
Theorem 5. The remaining part of the board, with x, = 3, can now be considered as
having n — ko O—cells and n — 1 — k, 1—cells deleted, so we have reduced the prob-
lem to an (m; — 2) x m, x -+ X m, board.
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Case 2. kq = n. Now all deleted O—cells are in the first two layers. So the last two
layers (with x;, = m; or x; = my; — 1) contain no deleted O-cells, if m; > 3.
The argument just used for Case 1 can be applied to cover these layers and reduce the
problem to an (m; — 2) X m, x -+ x m, board.

By repeated application of this reduction, we can reduce the problem to the
3 x m, x --» X m,board arid thence to the 3 x 3 x .- x 3 board. In this situation,
we again consider the first two layers, x; = 1 orx; = 2, and the numbers &, and k.,
as before. By reflection, we may assume k, > 0.

Case 3-A. ko = n — 1, k; = 0. Then the last two layers, with x; = 2 or x; = 3,
have at least j, = n — ko deleted O-cells and j; = n — 1 deleted 1-cells. Since
ko > 0, we have j, < n — 1 and the argument of Case 1 gives a covering of the last
two layers, leaving the first layer with k, deleted O-cells and k, — 1 deleted 1—cells.
By the inductive hypothesis, we can cover the first layer.

Case 3-B. ko < n — 1, ky > 0. The process given in Case 1 gives a covering of
the first two layers, leaving the third layer with n — min(k,, k,) deleted O-cells and
n — 1 — min(kg, k,) deleted 1-cells. Since min(ky, k;) > 0, we can apply the induc-
tive hypothesis to cover the third layer.

Hence we can cover our deleted 3 x 3 x --- x 3 cube unless k, = n, i.e., all
deleted O-cells are in the first two layers. Now consider the last two layers, with x; = 2
or x; = 3, and let j, be the number of deleted 0-cells in these layers. If j, > 0, we
can proceed as in Case 3 and we obtain a covering of the deleted board unless j,= n.
But if j, = nand k, = n, then all the deleted O—cells must have x; = 2. On the other
hand, if j, = 0 and k, = n, then all the deleted O-cells must have x; = 1. Let y; = 2
or 1 according to which of these situations occurs. Then we have that all the deleted
0-cells have x; = y,. (By more detailed argument, one can suppose y; = 1.)

We now apply this process to each other dimension, obtaining a covering unless
all deleted O—cells have x; = yy, X, = ya,*, X, = J,. But there is at most one such
cell and we are deleting n O—cells, with n > 1, so this last case is impossible. [

It is easy to see that Theorems 5 and 6 cannot be extended to deletion of more cells
since the deletion of n cells of the same color (or of the minor color) can isolate a
corner cell.

4, Extensions and conjectures. The extension of these results to coverings by
straight trominoes or straight k-ominoes, with k = 3, seems beset with complications,
even if we consider only the standard k-coloring with the color of (x4, x,, -*-, x,) con-
gruent to Xx;(mod k). For example, the 2 x 2 x --- X 2 x k board can be covered
with straight k-ominoes in only one way and almost any deletion of k cells, one of
each color, leaves an uncoverable board. Presumably, one must hypothesize that all

m; g k.

Further, in the standard k-coloring of an n-dimensional board, with k = 3, the
n neighbors of a corner cell have just two colors and some corners have (n + 1)/2 of
one color and n/2 of another, hence one can delete at most (n —1)/2 of each color and

still hope for a covering. Perhaps the following analog of Theorem 5 is true:
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CONJECTURE A. Let k 2 3 and consider an my xmy X --- X m, board with k|m,
and all m; = k. If we delete any k (n — 1)/2 cells,(n — 1)/2 of each color, then the
remainder of the board can be covered with straight k-ominoes.

The formulation of the analogs of Theorems 3, 4 and 6 is somewhat more com-
plicated because of the varying number of cells to be deleted for each color. For an
my X m, x --- X m, board with the standard coloring, let a; be the number of cells
of color i. Let b = min {a;} and let d; = a; — b. Then perhaps the following analog

of Theorem 6 is correct:

CONJECTURE B. Let k = 3 and consider an my X m, X --- X m, board with all
m; = k. Let d; be as just defined. If, for each color i, we delete any (n — 1)/2 + d;
cells of color i, then the remainder of the board can be covered with straight
k-ominoes.

Note that Conjecture B includes Conjecture A as a special case. The analog of
Theorem 3 is Conjecture B with only d; cells of color i deleted.

Acknowledgement. This work was supported by an Italian National Research Council (CNR) re-
search fellowship.
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CONTINUITY OF INVERSE FUNCTIONS

MICHAEL J. HOFFMAN, University of California, Berkeley

I. When does a continuous bijection have a continuous inverse? One positive re-
sult is that a continuous injection of a compact space into a Hausdorff space is a ho-
meomorphism onto itsimage. A popular counterexample is a map of a half-open in-
terval onto a circle by an exponential function. Simpler ones are available, including
real valued functions defined on subsets of the real line. For what sets is this kind of
behavior impossible? We present necessary and sufficient conditions on a subset B
of the real line R such that every continuous injection of B into R has a continuous
inverse on f(B). All sets are to be contained in R and carry the relative topology.
Intervals are indicated by listing the endpoints between brackets, square if the end is

to be included, round if it is not.

DEFINITION. A subset B of R is stable if every continuous injection of B into R
is a homeomorphism onto its range.

DEerINITION. If BS R, the intersection of B with its boundary will be denoted by
B*. A point x € B¥ is screened if the component of B containing x is an interval and
B contains points arbitrarily close to x on both sides,
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CONTINUITY OF INVERSE FUNCTIONS

MICHAEL J. HOFFMAN, University of California, Berkeley

I. When does a continuous bijection have a continuous inverse? One positive re-
sult is that a continuous injection of a compact space into a Hausdorff space is a ho-
meomorphism onto itsimage. A popular counterexample is a map of a half-open in-
terval onto a circle by an exponential function. Simpler ones are available, including
real valued functions defined on subsets of the real line. For what sets is this kind of
behavior impossible? We present necessary and sufficient conditions on a subset B
of the real line R such that every continuous injection of B into R has a continuous
inverse on f(B). All sets are to be contained in R and carry the relative topology.
Intervals are indicated by listing the endpoints between brackets, square if the end is

to be included, round if it is not.
DEFINITION. A subset B of R is stable if every continuous injection of B into R
is a homeomorphism onto its range.

DEerINITION. If BS R, the intersection of B with its boundary will be denoted by
B*. A point x € B¥ is screened if the component of B containing x is an interval and
B contains points arbitrarily close to x on both sides,
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DEFINITION. B is said to be *-finite if it satisfies either of the following two
equivalent conditions:

(1) B\ U has finitely many components where U is any open set of the form
U ={{B,:beB*} and B, = {x:|x — b| < 8,} for some 8, > 0.

(2) Any sequence of points belonging to distinct components of B of nonzero
length must cluster somewhere in B.

That is, B itself may have infinitely many components, but if some interval is
deleted around each boundary point, the remainder has finitely many components.
The component containing a point x will be denoted by co(x), and B\ U denotes the
set of points of B which are not in U. Notice thatsince the deleted sets are intersections
of B with intervals centered at boundary points of B, deletion of U can only reduce the
number of components, and distinct components of B\U are contained in distinct
components of B.

Suppose (1) holds and {x,}; - are such that co(x,) are distinct intervals. If the x,
did not cluster anywhere in B, then {x,}\ {b} would be bounded away from b for each
beB*. Say |x, — b| > &, for each n except possibly if x, = b. Let B, = {x:|x — b|
< 8, and |x — b| < } length co(b) if the last is nonzero}, and U = |J{B, :be B*}.
If x,¢ B* then x,e B\U; and if x,e B* then the midpoint of co(x,) e B\ U. Thus
B\ U has infinitely many components, contradicting (1).

If (1) fails, there is a set U of the form given above such that B\ U has infinitely
many components. Choose x,, from distinct components of B\ U. By a remark above,
the x, lie in distinct components of B. If they clustered at a point b € B, this would
force b e B* and so b e U. But the x, cannot cluster in the open set U since none of
them are in U. This shows the equivalence of (1) and (2).

Our main result is the following theorem:

THEOREM. A subset B of R is stable if and only if it is in one of the following
classes:

(1) compact sets,

(2) open sets,

(3) half-open intervals,

(4) *-finite sets B such that every x € B* is screened.

IL. Nonstable sets. Before proving the main theorem, we construct several coun-
terexamples. These will show the types of things which can go wrong and guide the
development of the general proofs.

(1) Let B = [0,1) U (1,2], and put f(x) = x for xe[0,1) and f(x) = 3 — x
for x e (1,2]. The inverse is discontinuous at 1.

(2) Let B = [ —7/2,—1] U [0,0), and put f(x) = x + = for xe [—n/2, —1]
and f(x) = arctan(x) for x > 0. The inverse is discontinuous at 7/2. This illustrates
the use we will make of arctangent later when the only missing limit points available
lie at infinity.

(3) Let B be the integers and put f(0) = 0 and f(n) = 1/n for n # 0. The inverse
is discontinuous at 0.
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(4) Let B, be the rational points in [0,1] and B, be the irrational points in [1,2].
Put f(x) = x for xe B, and f(x) = 2 — x for x € B,. The inverse is discontinuous
at every point of [0, 1] except at 1.

(5) Let B be the real line with the points 1/n deleted for nonzero integers n. Then
0 is an unscreened point of B¥. Put f(0) = 1 and f(x) = xfor x > 1 and f(x) = x + 1
for x < —1. Map the remaining segments of B linearly onto segments between 0 and
1 according to the alternating pattern

1 1 1 1
(_ 5’_n+1) onto (1_2n——1’1_2—n')’

1 1 i 1 1
(——_n-l-l’;l—) onto (1—5,1—2—',4_1)

See Figure 1a. The discontinuity of the inverse at 1 shows the kind of thing that can
happen at the image of an unscreened boundary point.

(6) Our last example shows what may happen if B is not *-finite. It is very similar
to the last example:

B = R\{ ) 1/4’ 1/37 1/2’ 1, 2’ 3’ }'

Putf(x) = 1 — xforx < 0. Map the remaining segments of B linearly onto segments
between 0 and 1 according to the alternating pattern

1 1 i 1 1
(n+1’5) onto (I_Zn—l’l_Z_n)’

‘ 1 1
(n,n+1) onto (l_ﬂ’l_m)'

See Figure 1b. The inverse is discontinuous at 1.

III. The main theorem. The standard result that compact sets are stable may be
found in [2, p. 141]. A continuous injection of an interval into R is strictly monotone
and a homeomorphism onto its image [1, p. 78]. Our work will be simplified by the
following lemma

LeMMA. If B < R and f is a contimuous injection of B into R, then f~! is
continuous at the image of any interior point of B.

Proof. Let y = f(x) be such a point. There is a closed interval I contained in B
and centered at x. The image f(I) is a connected, compact subset of R, hence a closed
interval. The injectivity of f forces y to lie in its interior. Any sequence converging to
y must eventually lie in f(I) and its preimages in I. Thus the problem restricts to the
compact case, and f ~! is continuous at y. Q.E.D.

The lemma shows that we need only check continuity at the images of points in
B*. Open sets are stable since every point is interior.

Now we turn to the fourth class listed in the main theorem. If a stable set B is not
open, compact, or an interval, and if x, is in B¥, then x, must be screened. The proof
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(v)
Fic. 1. (a) and (b)

that B contains an interval I on one side of x, is modeled on example 5. If there is no
such interval, then there are deleted points converging to x, from both sides. Map
the parts of B in the segments between these points into intervals between 0 and 1 in
an alternating pattern as in example 5. There is a missing limit point somewhere
(perhaps at infinity) say x;. Extend f either linearly as in example S or using some-
thing like a translation of arctangent if x, must be taken at infinity as in example 2,
so that there is a sequence in B converging to x; whose images converge to 1. Now
put f(xo) = 1. The inverse is discontinuous at 1 contradicting the assumption that
B is stable. Thus B must contain an interval I on one side of x,, and we may assume
that I = co(x,).
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We construct case-by-case examples to show that B contains points arbitrarily near
Xo on both sides. If not, we may assume that I lies to the right of x, and that B
deletes an interval J to the left of x,. Let B' = B N {x;Xx < Xo}.

(c)
Fic. 2. (a), (b), and (c)

Case 1. If B’ is not compact then it has a missing limit point x;. This is not x,
because of the deleted interval J. It might be — oo . If B approaches x; from above,
define f by arctan (x — x,) between x; and x, and linearly outside this region as in
Figure 2a. If B approaches x, only from below, define f by arctan (x — x,) below x,
and linearly in the remaining regions as in Figure 2b. In each case f is continuous
since B misses x; and J, but the inverse is discontinuous at f(x,).

Case 2. If B’ is compact and not empty, then it includes its extreme points. There
is a limit point x, missing from B to the right of x,, perhaps at + co. Define f by
arctan (x — x,) between x, and x; and linearly in the remaining regions as in
Figure 2c. Again f ~! is discontinuous at the image either of inf(B") or of sup(B’).

—xo ;1 X, V}H
() (d)
FiG. 3. (a), (b), (c) and (d)

Case 3. If B’ is empty, then I is bounded since B is not an interval. Put B” = B\ L.
If B” is compact, then I is not closed and inf B” # sup I since in these cases B would
be compact. Define f as in Figure 3a, taking advantage of the gap between I and B”
to create a discontinuity in f~'. If sup() were the only missing limit point of B, it
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could not lie in B since then B would be compact. Figure 3b describes the counter-
example. Now suppose all missing limit points of B” are approached in B” only from
below, and let x, be such a point. (It might lie at + oo .) If sup(I) were in B, it would
be in I. Thus it is not in B”. But inf(B") is in B”, since missing limit points are ap-
proached only from below. Thus sup(l) # inf(B”), and there is a gap between I and
B". Define f by arctangent between inf(B”) and x;, linearly on I starting with
f(x,) = arctangent (x,), and linearly above x, if necessary. See Figure 3c. In the only
remaining case there is a missing limit point x, of B” between sup(l) and + oo and
approached in B” from above. Since x; is not sup(I), there is a point x, between x,
and x; and not in B. Define f linearly on all regions as in Figure 3d. The inverse is
discontinuous at f(x,). This eliminates the last case and shows that x, must be
screened.

What is going on is the following. The lemma shows that continuity of the inverse
can only fail at points in the image of B*. If y = f(x) for x in B*, continuity at y
can be broken if images of components of B distant from x can come close to y. We
must insulate x against such behavior. If x is screened, the image of the interval I is
an interval on one side of y,and a sequence of points of B approaching x must have
images approaching y from the other side. This is not quite enough to do the job.
There can be no sequence of components of B, distant from x, which can be mapped
into the gaps between these images. The problem is illustrated by example 6. Requiring
finitely many components would be far too strong a condition as the images of many
components may be tied down by proximity to a boundary point. What is needed
is that in some sense there are only finitely many ‘‘free” components whose images
may be placed anywhere.

To show that the classes of the theorem include all stable sets it remains to show
that a set B which is not compact, open, or an interval and such that every point
in B* is screened but which is not *-finite is not stable. Since boundary points are
screened, the components of B are intervals. Let xo € B¥, let I = co(x,), and let {b,}
be a sequence of points in B converging monotonically to x, from the other side. Put
f(xo) = 1, map I linearly onto an interval above 1, and co(b,) into the interval

‘ 1 1

(1_3;1—2’1 _3n—1) '
We construct “‘free portions’” of B as follows. The components of B are either open
intervals or co(x,) for x, e B*. Since B is not *-finite, there are neighborhoods of each
x, such that the remainder of B still has infinitely many components after they are
deleted. There are still infinitely many components remaining if the deleted neighbor-
hoods are shrunk to lie in intervals B, of length less than % the length of co(x,) and
with one end not in B. Let B, be the interval so associated with x,. ‘‘Free portions’’
of B are constructed by taking

C, = BN (co(x,) YB,)

or C, = B N (co(x,) U B, U By) if co(x,) should happen to be a closed interval with
Xy at its other end. Open components outside any of the C, so constructed remain
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unchanged as “‘free portions.”” The lack of *-finiteness and choice of the B, shows
that infinitely many of the ‘‘free portions” are distinct and nonoverlapping. Since
these have been carefully constructed to be separated by points not in B, we may
define f independently on them. Since all but finitely many of the co(b,) fall inside
By, f has yet to be defined on infinitely many ‘‘free portions’ all lying outside B,,.
Mapping at least one of these into each of the intervals

/ 1 1

(1_3n— i1 “37;;)
will make f =1 discontinuous at 1. The definition of f is complete except possibly for
some components lying inside B,. These may be mapped into the intervals

1 1
(1_3_11’1_3n+1)

in such a way that f is continuous.

The last part of the theorem to be proved is that if B is a *-finite set such that
every point of B* is screened, then B is stable. Suppose fis a continuous injection of
B into R. By the lemma we need only check continuity of f~* at y, = f(x,) for
Xo € B*. Since x, is screened, B contains an interval I = co(x,) on one side of x, and
a sequence {b,} converging monotonically to x, on the other. If f~! were discon-
tinuous at y, there would be a sequence {y,} = f(B) converging to y, such that the
points x, = f~*(y,) fail to converge to x,. By passing to a subsequence we may assume
that x, is not a cluster point of the sequence {x,}. Since f ™! is continuous when re-
stricted to f(I), we may assume that {y,} N f(I) = & and {x,} NI =F. Since the
b, converge to x, and can be taken separated by points not in B, there isan N > 0
such that

|bm—x0|<|x,,—x0] for every n
and
b,é¢co(x,) foranyn

whenever m > N.

We know co(x,) and co(x,,) are either disjoint or identical. Suppose they are
identical for a subsequence, co(x,,) = J for k = 1,2,3,---. Then f(J) is an interval,
and f(y,,) €f(J). Since the y,, converge to y,, this forces f(J) to have y, as an end-
point. Thus f(I) U f(J) is an interval with y, in its interior. But this cannot happen
since the f(b,) converge to y, and f(b,) ¢ f(I) U f(J) for n > N by the injectivity of
/. Thus we may assume that co(x,) N co(x,,) = J for n # m by passing to a sub-
sequence if necessary. Since all points of B* are screened, all components of B are
nontrivial intervals. By the second characterization of *-finiteness the x, must cluster
somewhere in B. Say there is a subsequence {x,} with lim,,,x,, = b. Since f is
continuous, lim;.,,f(x,) = f(b). But f(x,) = y,, and lim;,,y, = yo. Thus
f(B) = yo = f(x0). Since b # x,, this contradicts the injectivity of f. Thus f ~1 must
have been continuous at y,. Since f was an arbitrary continuous injection of B into
R, B is stable and the proof is complete.
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CIRCULANT MATRICES AND ALGEBRAIC EQUATIONS

ROGER CHALKLEY, University of Cincinnati

1. Introduction. For each monic polynomial

€)) f&X)=X"+ ch”-l + 4,

of degree n = 1 over the field C of complex numbers, there exist elements a,, -

in C such that the n x n circulant matrix

e —

a1 a2 a3 A a,,
a, ag a - Gy
V) 4= an-1 an [ )
| d, ajs g -+ 4y )

has f(X) as its characteristic polynomial in the sense
)] f(X) = det(XI, — 4).

In Section 2, we prove the preceding statement and the identity

n n
O] det(XI,— 4) = [] (X -3 akC,(,k_l)(s—l)),
s=1 k=1
where {, denotes a primitive nth root of unity. Thus, the eigenvalues
® &= X akcs‘k—l)(s-l)’ for s = 1,2,-,n,
k=1

73

o, a"

of A are the roots of f(X) in C. The problem to solve f(X) = 0 in C can therefore
be replaced by the problem to find an n x n circulant matrix over C which has
f(X) as its characteristic polynomial. For n = 1,2,3,4, all such n x n circulant
matrices are presented in Section 4. There are n! corresponding sets of formulas

for the roots of f(X).

2. Properties of circulant matrices. Let n be a positive integer and let F be a
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of A are the roots of f(X) in C. The problem to solve f(X) = 0 in C can therefore
be replaced by the problem to find an n x n circulant matrix over C which has
f(X) as its characteristic polynomial. For n = 1,2,3,4, all such n x n circulant
matrices are presented in Section 4. There are n! corresponding sets of formulas

for the roots of f(X).

2. Properties of circulant matrices. Let n be a positive integer and let F be a
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field which contains a primitive nth root {, of unity. In particular, the characteristic
of F cannot divide n. For r = 1,--,n and s = 1,---,n, set §,, = 1 when r = s;
and, J,, = 0 when r # s.

LEMMA. We have

Cﬁf‘l)(s_") — 5”’ for r = 1’...’n and s = 1’...’n_

i

©

Proof. Set p = (™. For r # s, we obtain p # 1, p" =1, and

j

1 2 amty _ 1=p"
n(1+p+p+ +p )_n(l—p)_o'

If r =s, then p = 1 and (1/n)(n) = 1. This completes the proof.
Let L, and M, be the n x n matrices whose components of row index r and col-

umn index s are
lrs - r_lCn = HE=h and Hes = Ci(lr e )'

The element in the (r,s) position of L,M,, is

—

n n
 1)(s—

2 'Irjﬂjs = - 2 C)SJ Wa=r) = 5rs'

j=1 mj=1

Thus, we have L,M, = I, and M, ' = L,.

THEOREM. Suppose n x n matrices A and D over F satisfy AM, = M,D. Then,
A is a circulant matrix if and only if D is a diagonal matrix.

Proof. Let a,, and d,; be the components of row index r and column index s

for A and D. _
(i) Suppose D is a diagonal matrix. With d,, = d,,6,, and 4 = M,DM?,

we obtain

(=1)(r=s)
dijn .

S|
M=

Qs =
ji=1

I
.
i
I M=

Y O = X pyydihys =
k=1 j=1

Since the elements in the (7, s) and (', s") positions of 4 are equal whenr — s = r'—s’
(modn), A is a circulant matrix.

(ii) Suppose A is a circulant matrix. For r = 1,---,n and s = 1,---,n, set
pgin = dps. With D = M, 'AM,,, we find

n+j—1

n n n

k—1)(s—1 k—1)(s—1

(7) drs = Z ’,{‘I‘f E ajkcn( -l = 2 ;l'rj z ajkCn( Ye=D)
=t k=1 i=1 k=j

n n
—r-1)(-1 —1+k=1)(s—1
3L n0h g e )s=1)
k=1

(%
I
-

1
n
L s u-06-n 3 4 G061
n i=1 n ie1 1k5n .
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By (6) and (7), we have d,; = 0 when r # s. This completes the proof.

COROLLARY 1. The n x n circulant matrices over F form a commutative ring
under matrix addition and multiplication which is isomorphic to the ring of n X n
diagonal matrices over F.

Proof. By the theorem, we obtain a one-to-one correspondence between the two
sets of matrices which preserves the operations of matrix addition and multipli-
cation. Since the n x n diagonal matrices over F form a commutative ring, the same
is true for the n x n circulant matrices over F.

COROLLARY 2. An nix n matrix A over F is circulant if and only if all the column
vectors of M, are eigenvectors of A.

Proof. Set D = M, 'AM,. From AM, = M,D, we note that D is a diagonal
matrix if and only if each column vector of M, is an eigenvector of A. To complete

the proof, we use the theorem.

COROLLARY 3. Let an nxn circulant matrix A be defined over F by (2), and
let £,,&,,+--,&, be defined by (5). Then detA = £.&,---&,.

Proof. For the diagonal matrix D = M, *AM,, we use (7) and (6) with r = s
and a,, = a, to obtain di = ;. This yields

n
detA = det(M, 'AM,) = detD = [] &,.
s=1

For other proofs of this well-known result, see [2] or [1].
COROLLARY 4. If A is defined over F by (2), then (4) is valid.

Proof. With the notation used for Corollary 3, we obtain

n
det(XI, — A) = det(M, '(XI, — AM,) = det(XI,—D) = [[ (X=¢&).
s=1
This completes the proof.

By definition, an n X n permutation matrix is a matrix obtained from I, by a
permutation of rows (or columns). There are n! such matrices.

COROLLARY 5. Suppose [ay, -+, a,] and [by,--,b,] are the first rows of n x n
circulant matrices A and B over F. Then, A and B have the same characteristic
polynomial if and only if there exists an n X n permutation matrix P such that

(®) [y, b,] = [ay, -, a, ] (M,PM, ).
Proof. Define &,,--,&, and #q,-+,5, by
[61"'36.;] = [als""an]Mn and [’11""’%] = [bl,""bn]Mn'
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We use Corollary 4 to obtain
det(XI, — A) = [] (X = &) and det(XI, — B) =[] (X —n,).
s=1 s=1

Thus, the characteristic polynomials of A and B are equal if and only if there exists
an n X n permutation matrix P such that

(9) [nls""nn] = [51""’ én]P'
To complete the proof, we rewrite (9) in the form (8).

COROLLARY 6. Suppose A isann x n circulant matrix over F. Then, an n x n
matrix B over F is circulant with

(10) det(XI, — B) = det(XI, — A)
if and only if there exists an n X n permutation matrix P such that
11) B = (M,PTM; )A(M,PM; ).

Proof. (i) Suppose B is circulant and related to 4 by (10). Then, the characteristic
polynomials of the diagonal matrices D = M, 'AM, and E = M, 'BM,, are equal.
Hence, there exists an n x n permutation matrix P such that E = PTDP. This yields
(11).

(i) Suppose (11) is satisfied. Then, we easily obtain (10). Moreover, M, 'AM,
is diagonal; PT(M;'AM,)P is diagonal; and, with (11), B is circulant. This com-
pletes the proof.

Set R, = (1/n)M2. The element in the (r, s) position of R, is

1 s _ 1 5 d-ness-n,

n j=21 Hjlys = n j=21 G >
it equals 1 when n divides r + s — 2 and it equals 0 otherwise. Thus, R, is a symmetric
permutation matrix. To obtain R, from I,,, we can interchange the jth and (n + 2—j)th
rows of I, for j = 2,3,---,n. Also, R, results when the jth and (n + 2—j)th columns
of I, are interchanged for j = 2,3,---,n. With R? = 1,, we have M2* = n%I, and
MY = (1/n®)M3.

Suppose A is given by (2). We can obtain the transpose A” of A as follows:
for j = 2,3,---,n, interchange the jth and (n+2—j)th rows of A; then, for
j = 2,3,---,n, interchange the jth and (n+2—j)th columns of the resulting matrix.
Thus, we have R,AR, = AT.

Suppose n x n matrices P and Q over F satisfy Q = R,PR,. We note that
Q is circulant if and only if P is circulant; Q is diagonal if and oanly if P is diagonal;
and, Q is a permutation matrix if-and only if P is a permutation matrix. The relations

M,PM;* = M;'QM, and M,P™M;* = M, 'Q"™M,

can be used to reformulate (8) and (11).
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COROLLARY 7. Let Aand D be n x n matrices over F such that AM, = M,D.
Then, one of A and D is circulant if and only if the other is diagonal.

Proof. We have M,AM, * = M2DM, * = R,DR,. By the theorem, A is diago-
nal if and onmly if M,AM,! is circulant; but, R,DR, is circulant if and only if
D is circulant. Directly from the theorem, 4 is circulant if and only if D is diagonal.
This completes the proof.

Henceforth, we specialize F to be the field C of complex numbers.

CoRrOLLARY 8. If f(X) is a monic polynomial of degree n = 1 over C, then
f(X) is the characteristic polynomial of some n x n circulant matrix over C.

Proof. There exist elements #,,%,,-+,#, in C such that
SO =X —n)X —n3) - (X —np).
Let D be the n x n diagonal matrix with d = 7,. Set A = M,DM, . Then,
A is an n x n circulant matrix over C and

det(XI, — A) = det(M, (X1, — AM,) = det(XI, — D) = f(X).

This completes the proof.

Set N, = (1/\/5)M,,. Since the complex conjugate of (¥ is {;*, the conjugate
N, of N, satisfies N, = N, *. With NT = N, and N, = N, !, the matrix N, is both
symmetric and unitary. We note that N2 = R, and N;! = N2. When n > 3, N,
generates a cyclic group of order 4. For each n x n matrix P, we have
M,PM;! = N,PN;*.

3. Several group representations. The elements of the symmetric group S, are
the permutations of n objects. When the objects are identified with the rows of I,
we obtain an isomorphism of S, onto the multiplicative group of n x n permutation
matrices. As P ranges over the n x n permutation matrices, the corresponding
matrices M,PM; * also form a group under matrix multiplication which is isomorphic

to S,.

LEMMA. The element in the (1,1) position of M,PM;' equals 1 and the
elements in the other positions of the first row or first column equal 0.

Proof. For P = [=n,] and M,PM,;* = [a,], we find
1§ “ r—1)(-1) —(k—1)(s—1)
%ps = n Z =21 - e

and

n
k—-1)(1—
Cf. )(1=5) j;l Ty = 51:-

Similarly, we obtain «,; = §,;. This completes the proof.
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PROPOSITION. For n = 2, let P range over all n! of the permutation matrices
of size n x n. Then, the corresponding matrices of size (n—1) x (n—1) obtained
by deletion of the first row and first column from each matrix M,PM,”* form a
group under matrix multiplication which is isomorphic to S,.

Proof. This follows directly from the lemma.

Example 1. For n=3, &*+0+1=0, {; = o,

1 1 1 1 1 1
My=]1 o o |,and3M;'=|1 o* o ,
1 @ o 1 o o

we follow the details of the proposition to obtain

1 0jre O w? 0 0 1 0 w? 0 )
@ [y o ol WbLootle o M o)
0 1110 w? 0 ) 1 0l lw O @ 0

The six matrices of (12) form a group isomorphic to S;.
The lemma and the proposition remain valid when M, is replaced throughout
by G,M,, where G, = [g,,] is a nonsingular n X n matrix with

g1t = 9gi1r =0y, for r=12-n.
For instance, set
Grs = —C,,'(r—l)(s-ﬂ, for r =2,3,---,n and s = 2,3,---,n,

H, = GM,, and H, = [h,;]. We find h, =1—n for r =2,3,--,n and h, =1
otherwise; moreover,

-1 1 1 19
1 -1 0 0
nH' =] 1 0 -1 0
|1 0 0 -—1_]

Example 2. For n = 3, the matrices H3PH; ' yield

B I 1 I A

The six matrices of (13) form a group which is isomorphic to S;. For related details,
see [3].

The even permutations in S, correspond to matrices P, M,PM, ', H,PH; ",
etc., with determinant equal to 1; and, the odd permutations in S, correspond to
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matrices with determinant equal to —1. For example, the alternating subgroup
of S; is represented by the first three matrices in (13).

4. The roots of f(X), for n = 1,2,3,4. First, we relate c¢,,---,¢, to a;,-,a,
in (1), (2), and (3). From (1), the (n —k)th derivative f " ~¥(X) of f(X) yields

(n—k),
A ) for k=1,2,---,n.

6 =

(n=k)!’

By application to (3) of rules for the differentiation of a determinant, we conclude:
¢, equals the sum of the determinants of the principal k x k submatrices of —A.

When n =1, we find {; =1, ¢, = —a,, and &, = a; = —¢;.

For n =2, we need {, = —1, ¢; = —2a,, ¢, = a? —a3, a, = —¢,/2, and
a, such that a} = (c}/4) —c,; by (5), the roots of f(X) in C are a, + a, and
a; —a,.

In each case, we have ¢; = —na;. Forn = 3and n = 4, itis convenient to make

a preliminary transformation so that ¢; = 0.
A 3 x 3 circulant matrix 4 given by (2) with n = 3 has

(14) det(XI3 —A) = X3*+¢c,X +¢,

as its characteristic polynomial if and only if its components satisfy
(15) '-3a1 = 0, _3a2a3 = 02! and —a; —'ag = 63‘

When ¢, = ¢; =0, set y, = zo = 0; otherwise, T> + ¢;T— (c,/3)* has a nonzero
root t,, let y, satisfy Y* = t,, and set zo = (—¢,)/(3y,). In this way, (15) is satisfied
with a; = 0, a, = yo, a3 = z,. We use (8) and the six matrices M;PM; ' upon
which (12) was based to obtain the first rows

[0, Yos 20] ’ [O, Vo, zo(o2] s [Os yofﬂz, 20(0] ’
[0, 20, ¥0], [0, 2o, yo?], [0, zew?, yow]

of all 3 x 3 circulant matrices (2) for (14). Now, we can use (5) to write all six forms
of Cardan’s formulas for the roots of a cubic. Namely, for each selection of [a,, a,, a5 ]
from (16), the corresponding elements

(16)

a,0¢™ V) 4 g;02¢" 1) for 5 = 1,2,3,

are the roots in C of X> + ¢,X +c;.
A 4 x 4 circulant matrix 4 given by (2) with n = 4 has

an det(XI, — A) = X* + c, X%+ csX + ¢,
as its characteristic polynomial if and only if its components satisfy
(18) —4a, =0, —4a,a, — 243 = c,, —4ala; —4aa2 = c,, and

— a3 + a3 — a§ + 2a2al — 4aya5al = ¢,.
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When ¢, = ¢3 = ¢4 =0, set uy, = vy = wy = 0; otherwise, the equation
4V + 2¢,(4V*)? + (2 —4c)(@VH -2 =0
has a nonzero solution v, and we select uy, w, to satisfy

=% _¢ 2ywr= -8
UwW = > 4 and U+ W dog”
We can verify that'a; = 0, a, = ug, a3 = vy, a, = W is a solution of (18); similar
details were given in [1]. Next, we apply (8). As P ranges over the permutation
matrices of size 4 x 4, the formula

[a1,aza3,a4] = [0,u0,00, o] (M PM;")

specifies the first row [ay, a,, as,a,] of each 4 x 4 circulant matrix A4 for (17). With

i = —1 and {, = i, we use (5) to conclude that the corresponding elements

ai®™ + @520V q,i3¢7Y ) fors = 1,2,3,4,

are the roots in C of X* + ¢,X? + ¢, X + c,. Thus, there are 4! = 24 sets of solution
formulas for a biquadratic analogous to the 3! = 6 forms of Cardan’s formulas
for a cubic.
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Prefectural Omama Senior High School and TOSHIO HAMADA, Gunma Ken
Nitta Cho Ritsu Kisaki Lower Secondary School

1. Preliminaries. Interest in relations among the radii of tangent circles has a
long history. In the western world the names of Apollonius, Archimedes, Steiner and
Casey among others are associated with problems and theorems involving such
systems of circles. In the orient this area of investigation has had a singular fascina-
tion. In particular it had an active and extensive development in Japan during the
so-called Wasan period. [The word Wasan is the Japanese word meaning the develop-
ment of mathematics in Japan and refers to the period prior to about 1850. Extensive
references can be found in [6].]

In this paper we derive an interesting, and we hope new, invariant relation among
the circles of two Steiner chains. As a corollary we obtain a generalization of a classic
result of S. Kenmochi. The methods are entirely elementary.
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2. Definitions and lemmas.

DEFINITION 1. A circle with center O; and radius r; will be referred to as the circle
O;. If 0, and O; are circles with disjoint interiors, t;; denotes the length of a common
external tangent.

DErFINITION 2. If O and O’ are circles of radii R and r, respectively, with O’ in-
terior to 0, and if 04, 0,, -+, 0,, is a sequence of circles such that (a) O; is tangent to
both 0 and 0',i = 1,2,---,m, and (b) O; and O, are tangent, i = 1,2,---;m — 1,
then the sequence is called a Steiner chain of length m relative to O and O’.

The following two lemmas are easily proved:

LemMa 1. If two circles O, and O, with disjoint interiors are tangent, then
t12 = 2\/7'17‘2 .

LemMMA 2. If ABCD is an isosceles trapezoid with AB = CD, then
BD? = BC - AD + CD>.

Lemma 3. If A, B, C, D are four points in order on a circle O, then

1) AC(AD - CD + AB- BC) — BD(AD - AB + BC-CD) = 0.
C
D.
A B
FiG. 1.
Proof.

Area AABC + area AACD = area AABD + area ABCD.

But area AABC = (4B - BC - AC)/4R with similar expressions for the other three
triangles. Substitution and simplification lead to the relation given in the statement
of the lemma.

3. The main theorem.

TuEOREM 1. If 04,0,,-,0,, and O,,.1,0p.2,***s O+, are two Steiner chains
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relative to circles O and O', each two circles in the system having disjoint interiors,
then

Jrry
|r, - r,|

is a functionof i + j,1 L i< m<j<m+ n.[4]

tu

Proof. The general result will follow at once if we prove the following special case.
Let 0,,0,,0,,0, be four circles with disjoint interiors each tangent to both O
and O’ and suppose O, tangent to O, and O, tangent to O4. Then

NAZE P NAPLE)

Let 0, N0 =A4,0,N0=B,0,n0=C, 0, NO = D. Let I be on OB and
H on OD such that 10, | HO, | BD. Then from similar triangles we have that
10, = BD(R — r)/R, HO, = BD(R — r)/R.

From Lemma 2, 10, - HO, + O H* = 0,0,2.

Thus

(2) BD = R t24.

Similarly

@ AD = R te @) AC = R tya
-\/R—rl\/R"‘r4 \/Ri—rx\/R—'h

(5) CD = R tyy = 2yTsTs R,

\/R_r3\/R—r4 \/R—I';\}R—r‘;
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R
6 BC = t23,
\/R il ) \/R — T3
o) AB = R t 2y g

JR =1\ R -1, JR=r JR=r,
Now using these relations in conjunction with Lemma 3, we have
AC(AD - CD + AB: BC) — BD(AD - AB + BC-CD) = 0.
)] 113{\/7374‘(1{ — r)tis + \/E(R — Ty)tys}
— 1y \/;1_"2-(R = ry)tyy + \/;;;;(R — rtys) = 0.

Completely analogous reasoning applied to the same four circles but with circle O’
replacing circle O leads to

® tia{rara(r + 1)tis + Jrira(r + rotys}
— {12 (r + r)tys + JraTa (r 4 T} = 0.
{®) + 9} + (R + r) gives
(10)  tia{/raratia + Jriratss} — a{riratis + Jraretys} = 0.
9) — r x (10) gives
(11) t13{"2\/;3_at14 + "4\/Et23} — ty{rs \/E_r;tu +r \/-'Etza} = 0.
From (10) and (11) we obtain
b _ Jriratiy + rsretss
f24 Jratatis + Jriraty
rs\TiTatie + 1i\TaTaty
ray/TsTatia + ra/Ti oty

which, after some algebra, reduces to

Jrirs s
T he = 7T/ taa
|ri = ra] |r2 =15

As observed at the outset, it now easily follows that

hirj _ \/ﬁ—

Iri—rj'tij—lrk—rlltkl ifi+j=k+l.

(12)

4. An application.

THeOREM 2. If 0,,0,,-++,0,, and 0,,.,,0,44,+,0,, are two Steiner chains
relative to circles O and O’ of radii R and r, respectively, and if circles 0,,0,,, and
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O’ are tangent to a line as are circles 0,,,0,,,, and O’, then

LI L vl mzop4

o e A A

Proof. For notational simplicity we prove the theorem for the case m = 4. The
proof of the theorem for general m follows the same lines.
From Theorem 1 we have the following relations:

- |re —rs| |[rsry
36 Irs_r4| rers 54>
fo = [re — rs3l )"2"7 -
36 =
¢ [rg — 12| \/"6"3 ’
ty, = |ry —ry| rgry tes
’ [rg — ry| \rarg °F
(13) Thus [ry —ry| [rsry te, = [rg —rp| [frgry )
s —ry| \rarq 4 [rg — 1| \ramy .

But since 0, Og and O’ are tangent to a line we have, using Lemma 1, that

tar = 2/r(Jrs + 1)
Similarly tsa = 2/r(J7s + \J1s).
Substitution in (13) leads to
1 1 1
+ LI — .
\rs

VNN
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COROLLARY. For m = 2, Theorem 2 gives
1 1
plo L, L
\["—1_ \/;3— \/ Ty \/ Ty

This is the theorem of S. Kenmochi [1, 2,4] alluded to in the introduction.

5. Relation to Casey’s theorem. If A, B, C, D are four points in order on a circle,
then Ptolemy’s theorem asserts that AB- CD + BC - AD = AC - BD.

FiG. 4.

Casey observed that if 4, B,C,D are the centers of four circles each of which is
externally tangent to a fifth circle and if the four circles have pairwise disjoint interiors,
then t,5* tcp + tsc* tap = tuc* tgp Where t,p is the length of an external common
tangent to circles A and B. This theorem of Casey has been extensively studied and
versions of it are known in which the circles can be both externally and internally
tangent though internal common tangents as well as external tangents must be con-
sidered. The equality in Ptolemy’s theorem is both necessary and sufficient for the
points 4, B, C, D to be on a circle (including one of infinite radius, i.e., a line). Simi-
larly, properly generalized, the equality in Casey’s theorem [3,5] is a necessary and
sufficient condition for the four circles to be tangent to a fifth.

We have also noted that when A, B,C,D are on a circle we have the metric
relation

AC(AD - CD + AB-BC) — BC(AD - AB + BC-CD) = 0.

Easy examples show that this condition is not a sufficient condition for the points
A, B, C, D to be cyclic. However, it might still be wondered: if 4,B,C,D are four
circles with pairwise disjoint interiors each tangent to a fifth, will

tac(tap " tcp + tap* tac) — tep(tap * tap + tac* tep) = 0?

The answer is: not in general. However, if the circles are also internally tangent to a
sixth circle, then the relation follows as we now show.
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THEOREM 3. If 04,0,,03,0, are four circles with pairwise disjoint interiors
each tangent to circles O and O',0’ interior to O, then (with notation as in
Theorem 1)

t13(tiatss + tiatas) — taa(tiatis + taatss) = O.

FiG. 5.

Proof. Starting from the relation
AC(AD-CD + AB-BC) ~ BD(AD - AB + BC-CD) = 0
and substituting from relations (2)-(7) we easily obtain
(14) tia[tiatsa(R — r3) + t1otas(R — ra)] — toa[t14t12(R — 73)
+ tstaa(R — ry)] = 0.

A completely analogous argument using circle O’ in place of circle O leads to the
relation

(15) tia[tiatsa(r + 12) + tiatas(r + 1)] — ta[tiatio(r + 1)
+ tystay(r + 1] = 0.
Adding (14) and (15) and dividing by R + r yields the desired relation
t13(tiatss + tiat23) — taa(tiatis + taatsy) = 0.

Thus, while Casey’s theorem suggests that a good analogue of four cyclic points
is four circles tangent to a single circle, the failure of relation (1) to generalize with
this interpretation shows that the analogy is not complete. Theorem 3 suggests that
four circles satisfying the conditions of that theorem might be more properly regarded
as the appropriate analogue.

The authors wish to express their gratitude to Prof. Imai and Mrs. Kimura for their kindness
during the preparation of this paper.
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GENERALIZATIONS OF THE LOGARITHMIC MEAN

KENNETH B. STOLARSKY, University of Illinois, Urbana

1. Introduction. Let G(x,y) and A(x,y) denote the geometric and arithmetic
means of the nonnegative real numbers x and y. Then

) G(x,3) = e = 5L = A(x,).
Moreover, it is an immediate consequence of (1) that if we define
® AGuyit = (SFLY

then

3 G(x,y) £ A(x,y;1/2) = A(x, ).

Thus A(x, y;1/2) interpolates the inequality of the arithmetic and geometric means.
The logarithmic mean L(x,y), which is defined by

xX—)

@ L(x,y) = Togx —logy’

also has this property; that is,
©) G(x,y) = L(x,y) £ A(x, ).
For a proof of (5), and further references on the logarithmic mean, see [3]; we
comment here that it plays a role in the study of the distribution of electrical charge
on a conductor ([4], p. 14).

It is well known ([1], p. 17) that if we set

© ACoy3 ) = (—%y—x)m
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for nonzero real numbers A, and define A(x,y;0) = G(x,y), then the means
A(x, y; A) provide us with a continuous monotonic interpolation of the inequality of
the arithmetic and geometric means which extends (3); more precisely, the following
four conditions hold:

() min(x,y) £ A(x,y;4) < max(x,y),

(i) A(x,y;4) is continuous in 4,

(iii) A(x,y;4) S A(x,y;p) if A S p,

@iv) A(x,y;0) = G(x,y) and A(x,y;1) = A(x,y).
The primary purpose of this paper is to do the same for (5). In the course of doing
this, we shall provide yet another proof of (5).

2. A generalized logarithmic mean. To understand why L(x,y) is a mean
(i.e., satisfies condition (i)) simply recall that for differentiable functions f the mean
value theorem asserts that for x # y we have

S =S _ £

x—=Yy
where u is strictly between x and y. Let f(x) = log x; then u = L(x, y). We can now

create an infinite number of ‘‘new’’ means simply by varying the function f. Let
Jf(x) = x® where o is a real number distinct from 0 and 1. Then

a_ aq1/(a-1)
@ 4 = u(x, y;0) =[ai(x—_—yy—)]

It is easy to verify that u(x,y; — 1) = G(x, y), that lim,ou(x,y;®) = L(x, y), and
that u(x, y;2) = A(x, y); thus our goal will be achieved, with u = u(x, y;) serving
as our generalized logarithmic mean, upon showing that u is monotonic in .

At this point, however, one cannot help but wonder what happens to u as o — 1.
Elementary calculus shows that the limit exists and equals

® U= U,y = (P90,
Thus we shall also obtain a possibly new elementary inequality, namely
® G(x,y) £ L(x,y) £ U(x,y) £ A(x, ).

3. Proof of monotonicity. It will be convenient to establish a monotonicity
result somewhat more general than that asserted in Section 2.

DEFINITION. For real o« and f with « # 0 and a # B, and for positive x and y
with x # p, let

a__ oy11/(@—B)
10) u(@, ) = u(x, y;oB) = [f(%?-;—,,g]

It is easily seen that u(x, ) can be extended by continuity to a function defined
for all real « and f and all nonnegative x and y. For this function we have
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(11) u(a, f) = u(B,«)
(12) u(x®, y%a, B)"* = u(x,y;sa,sp), and
13) u(e, B)*F = u(o,y)* uy, ) 4.

‘THEOREM. For x # y, the function u(a, f) is strictly increasing in both o and .
Proof. By elementary calculus,
u(t,®) = ux, y;t,0) = u(x'ys1, 1"
= UK,y

(14
= exp{%loglx :yH
and hence '
[
(15) logu(a, f) = B——i——o‘- J; logu(t, t)dt.

Thus (as is easily seen) it suffices to show that the integrand of (15) is strictly in-
creasing. To do this it will be enough to show for x # 1 that

2

is convex; i.e., that its second derivative is nonnegative. But

(16) o) = log |

v (z—1)? — z(logz)?
an g'"() = 2G 1) ,

where z = x, and we are done, as it is easy to verify that K(z) = (z — 1)* — z(log z)?
> 0 for all z > 0. (For example, since K(z~!) = z~2K(z), it suffices to show this
for z 2 1. Now

K(z) = z*(z — 1 + ztlogz) (z* — z~% — log 2).

The last factor is 0 when z = 1 and has the nonnegative derivative $z~#[1 — z~¥]?),

This completes the proof.
The equation (15) was originally dlscovered by replacing y in (13) by (« + B)/2,

taking logarithms, iterating the resulting equation, and then passing to the limit as
the number of iterations becomes infinite.

4. The main result. Our primary goal is now attained. Since
18) u(a) = u(x,y;0) = u(x,y;0,1)

we know that u(x) cannot decrease as « increases. Thus conditions (i)-(iv) are also
satisfied for u(30 — 1), and we have another thoroughly natural system of means
interpolating the arithmetic and geometric means. Moreover, all are expressible
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through (15) in terms of the presumably novel mean U(x, y). We also mention that
as o goes to — oo( + c0) the mean u(e) tends to the minimum (maximum) of x and y,
and that the conditions for equality are the same as for the Ath power means
A(x, y;2).

5. More variables. The Ath power means can be generalized to average any n
numbers; define

. n 1/
(19) AGmi D= (5 T )

Now just as u(x, y;a) arose from considering a difference quotient which approxi-
mated a derivative (see Section 2), we can define a mean u(x,y,z;a) by using a
difference quotient which approximates a second derivative:

u@) = u(x,y,z;0)
20) _ { 2 [z“(y — X+ Y — 2) + Xz y)] }“@-”
= =D @ PGE-—00 -

In this case the arithmetic mean arises when o« = 3 and the geometric mean when
a = — 1. Moreover

@y Up = lim u(x) = E=-Pe-00-%

O—a-'o 2xlo—z-+ lo J—c+zlo'2 ’

gy y gZ gx
(22) U, = limu(@) = (z —z;y)(z - x)iy - X) oy
a—1 z X y
2[zylogy + xz logz + xy logx]
and U, = lim,,, u(x) satisfies
3 2*logz y*logy x2logx

23 logU, = —= + '
(23 g U, 2 C=xz-y)  G-00-2)  E-nNE-2)

Here U, is analogous to our old U(x, y) while Uy and U, provide us with two gen-
eralizations of the logarithmic mean. If we let

© dt
@4 I= . e

then Uy(x, y,z) = (2I)~% and the fact that U, separates the arithmetic and geometric
means follows easily from
; 3
t+ )PP S+ )0+ y)(t+2) < (t + —x—%if)

(this sort of trick occurs in Szegé [5] and Carlson ([3], p. 615 and [2], p. 701)).
We also note that

(25 xyz - Uy(x,y,2) = U(Z)(xy’ Xz, yz).
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We conjecture that
(26) xyz * Ug(%,y,2) < Ug(xy,xz, yz);

if U, is replaced by the arithmetic mean in (26), a known inequality is obtained
(see, e.g., [1], p. 11, inequality (6)).

At this point we attempt to generalize u(«) as far as possible. Let x4, -, X, be
positive numbers and set
@7 a(t) = x;

T %)
15j<k=n+1
where the prime mark indicates that every factor involving x; is deleted. Let (a),

= o — 1) - (@ — n + 1). Define

u(‘xnﬂ) = u(xl""axn+1; “’ﬁ)
n+1 n+1

@ ([0, - v+ aw][[@n % - v+am)])

It is easy to see that this reduces to the earlier definitions when n = 1 or 2. Our main
problem is to show that u(e, ) cannot decrease if either a or f is increased. Once
again we have (15) where now

(29) logu(t,t) = %G,,(t) and
S (= 1))
(30) G,(f) = log|*=*

(Dn
Conjecture. The function G,(t) is convex.
I have not been able to resolve this conjecture; the second derivative of G,(f) is
unwieldy. I can, however, manipulate
(31) G(Hz0
into a sort of ‘‘standard form”’ with the aid of the identity
. on n n 2
i=1 J \j=1 "/ i=1 i<j
The result is that (31) is equivalent to
nil i1 2 'nil 1
_1 ' a t) ( ———,—‘)
(Z (-v"a0) (2 =5

33 .
(33) + X (=D ayt)a,()(log x; — logx;)* = 0.

i<j
The inequality (33) has a ‘‘vague reasonableness’’ to it. The double sum can be
positive or negative, but the other terms are clearly nonnegative. The first sum on
the left vanishes when ¢t = 0,1, ---,n — 1 but the second sum compensates by having
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double poles at these points. For n = 1, the inequality (33) quickly reduces to a
homogeneous form of the known inequality (u — 1)> = u(logu)?. For n = 2, if we
divide (33) by (x; — x3)? and take the limit as x; — x3 we obtain the (unproved)
statement

[ — Du’ — tu'~1]log?u + 2(u’ — u'~Y)logu — u?¢-V(u — 1)2

(34) 1 1
<{|— — t=1 __ (4 t__ 1)2
=(t2+ (t—l)z)(m (t—Du' - 12
Note that (34) is unchanged if u and t are replaced by u~1 and 1 — ¢. If we denote
the left hand side of (33) by ¢ = (x4, ", X, + ;1) then

00y, s Xpag 3 1) = (g Xuu )* O V0L x T s n— 1= 1)
It is easy to see that (33) is true for | tl large; we also mention that

lim o(xy,%3,%538) =0
t—0

and hence also lim,; 0 = 0 when n = 2.

6. Comment. We note that the mean u(x, y;«) bears some resemblance to the
functions denoted by G,(x,y) and A,(x,y) in Carlson’s paper ([3], p. 616); note
especially his remark there that ‘‘1/G, is log convex in ¢’.
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AN EXTENSION OF TRIGG’S TABLE
SIDNEY KRAVITZ, Dover, N.J. and DAVID E. PENNEY, University of Georgia

In a recent issue of this MAGAZINE, Charles W. Trigg asks in [1] some interesting
questions about the prime factorization of

Q(p) = (P1P2p3 - pp) +1

where p; denotes the ith prime. He tabulated the prime factorization of Q(p) for
2 £ p=<19; we include and extend his work as summarized in Table 1, page 93.
We also show data on the closely related

R(p) = (p1p2p3+P) — 1.


http://www.jstor.org/page/info/about/policies/terms.jsp

92 MATHEMATICS MAGAZINE [Mar.-Apr.

double poles at these points. For n = 1, the inequality (33) quickly reduces to a
homogeneous form of the known inequality (u — 1)> = u(logu)?. For n = 2, if we
divide (33) by (x; — x3)? and take the limit as x; — x3 we obtain the (unproved)
statement

[t — Du’ — tu'~1]log?u + 2(u' — u'~Y)logu — u?¢-V(u — 1)2

34 1 1
<{|— — t=1 __ (4 t__ 1)2
=(t2+ (t—l)z)(m (t—Du' - 12
Note that (34) is unchanged if u and ¢ are replaced by u~1 and 1 — ¢. If we denote
the left hand side of (33) by ¢ = (x4, ", X, + ;1) then

00y, s Xnag 3 1) = (og - Xuu )* V0 x T s n—1— 1)
It is easy to see that (33) is true for | tl large; we also mention that

lim o(xq,%5,%538) =0
t=0

and hence also lim,,; 6 = 0 when n = 2.

6. Comment. We note that the mean u(x, y;«) bears some resemblance to the
functions denoted by G,(x,y) and A,(x,y) in Carlson’s paper ([3], p. 616); note
especially his remark there that ‘‘1/G, is log convex in ¢°.

References

1. E. F. Beckenbach and R. Bellman, Inequalities, Springer-Verlag, New York, 1962.

2. B. C. Carlson, Inequalities for a symmetric elliptic integral, Proc. Amer. Math. Soc., 25
(1970) 698-703.

3 , The logarithmic mean, Amer. Math. Monthly, 79 (1972) 615-618.

4. G. Polya and G. Szegd, Isoperimetric Inequalities in Mathematical Physics, Princeton Univer-
sity Press, Princeton, 1951.

5. G. Szegd, Solution of Problem 542, Arch. Math. und Physik, (3) 28 (1920) 81-82.

AN EXTENSION OF TRIGG’S TABLE
SIDNEY KRAVITZ, Dover, N.J. and DAVID E. PENNEY, University of Georgia

In a recent issue of this MAGAZINE, Charles W. Trigg asks in [1] some interesting
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TaBLE 1
p 2(p) R(p)
2 3 1
3 7 5
5 31 29
7 211 11-19
1 2311 2309
13 59-509 30029
17 19-97-277 61-8369
19 347-27953 53-197-929
23 317-703763 37-131-46027
29 331-571-34231 79 - 81894851
31 200560490131 228737-876817
37 181-60611- 676421 229-541-1549-38669
41 61-450451-11072701 304250263527209
43 167-78339888213593 141269 - 92608862041
47 953-46727 13808181181 19153835557 - 59799107
53 73-139-173-18564761860301 87337- 326257 1143707681
59 2773467105229 - 19026377261 C,
61 223-525956867082542470777 1193-C,
67 C, 163 - 2682037 - 17975352936245519°
Ut 1063-303049-598841 - 2892214489673 C,
73 2521-P, 313-130126775077472920609013813
79 22093-C, 163-2843-C,
83 265739 P, 139-26417- P,
29 13110392719 - 64225891884294373371806141
23768741896345550770650537601358309
97 2336993-C, 66683 - P,

In Table 1, all entries for Q(p) and R(p) are primes or 1, except that C, denotes a
composite number with no more than n prime factors and P, denotes a number,
possibly prime, with no more than n prime factors. None of the C, and P, in Table 1
has a prime factor less than 107, and all were checked for divisors sufficiently large
to establish the validity of the subscript. The P, satisfy the congruence

2™""! =1 (mod m)

and thus are quite likely prime; indeed, we were able to establish some of the larger
factors prime by an application of a version of a theorem of Lehmer [2]:

THEOREM. Let b and n be integers exceeding 1. Suppose that b"~! = 1 (mod n),
and let p be a prime factor of n—1. Let a = b~ "'? (modn). If (n,a—1) =1,
then every prime factor q of n satisfies ¢ = 1 (mod p).
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We owe special thanks to Dr. Carl Pomerance of the University of Georgia,
who designed an eminently programmable version of this test.

We also obtained data on Q(p) and R(p) for larger values of the prime p, and
we obtained coincident results although at the time we were working independently,
with different programs, on different computers, each of us unaware of the other’s
work. With the aid of Table 1, special-purpose programs, and some recent results
in the literature, we can answer most of Trigg’s questions.

1. Are any Q(p) prime for p > 19?

This question was answered by Kraitchik [3], and his results extended by Borning
[4], who found that in the range 23 < p < 307, only Q(31) is prime. Borning also
found that for p < 307, R(p) is prime only for p = 3, 5, 11, 13, 41, and 89. We
have confirmed these results for p < 97, and Table 1 also gives complete or partial
factorizations not given by Kraitchik or Borning.

2. The prime p; = 17 and the least prime factor pg = 19 of Q(17) are twin primes.
Does this case of twin primes, or even of consecutive primes, occur again?

Yes; Q(1459) is divisible by p,33 = 1471, but the latter and p,;, = 1459 are
not twin primes. In the range 19 < p < psooo = 59359, there is only one other
such example: Q(2999) is divisible by p,3; = 3001, and the latter and p,3, = 2999
do form a twin prime pair.

The same question for R(p) leads to the obvious examples for p = 3 and p = 7;
there are no other examples for which p, . , is a divisor of R(p,) in the abovementioned
range. There are a few cases in which the second or third prime after p divides
Q(p) or R(p)—specifically, 7|Q(3), 37|R(23), 271|Q(263), 307|Q(283), and
673|Q(659). There are no additional examples in the range p < 59359.

3. Are there more cases in which the least prime factor of Q(p) does not exceed
2p?

This holds for p = 2 and for p = 17, as observed by Trigg. We found it to hold
for exactly 32 values of p in the range 2 < p < 1987, and the same holds